Mass spectrum of charmonium is computed in the framework of potential non-relativistic quantum chromodynamics. O(1/m) and O(1/m 2 ) relativistic corrections to the Cornell potential and spin-dependent potential have been added, and is solved numerically. New experimentally observed and modified positive and negative parity states like ψ(4230), ψ(4260), ψ(4360), ψ(4390), ψ(4660), χ c1 (4140) and χ c1 (4274) near open-flavor threshold have also been studied. We explain them as admixtures of S-D wave states and P-wave states. Apart from these states, some other states like X(3915), χ c1 (3872), ψ(3770) and ψ(4160) have been identified as 2 3 P 0 , 2 3 P 1 , 1 3 D 1 and 2 3 D 1 states. Subsequently, the electromagnetic transition widths and γγ, e + e − , light hadron and γγγ decay widths of several states are calculated at various leading orders. All the calculated results are compared with experimental and results from various theoretical models.
Introduction
Remarkable experimental progress has been made in recent years in the field of heavy flavour hadrons specially charmonia. All the narrow charmonium states below open charm threshold(DD) have been observed experimentally and they have been successfully studied theoretically by many approaches like lattice QCD [1] , chiral perturbation theory [2] , heavy quark effective field theory [3] , QCD sum rules [4] , NRQCD [5] , dynamical equations based approaches like Schwinger-Dyson and Bethe-Salpeter equations(BSE) [6] [7] [8] [9] and some potential models [10] [11] [12] [13] [14] [15] [16] [17] [18] . However, there are many questions related to charmonium physics in the region above DD threshold. X and Y states above DD threshold Department of Applied Physics, Sardar Vallabhbhai National Institute of Technology, Surat 395007, Gujarat, INDIA have been reported with unusual properties which are yet to be explained completely. These states however could be exotic states, mesonic molecules multi quark states or even admixtures of lower lying charmonia states which have been broadly put forward in [19] and references therein. Charmoniumlike states having normal quantum numbers have similar masses when compared to normal charmonium, thus in order to study and understand the nature of higher mass states near DD threshold it is necessary to have better understanding of lower lying charmonium states. Formerly X(3872) (Now, χ c1 (3872)) was studied for the first time at Belle [20] in 2003 in exclusive decay of B ± which was later produced by p + p − collision [21] as well. Successively X(3872) was studied theoretical as exotic state by [22? ], as pure chamonium state by [24] [25] [26] , as mesonmeson molecular structure by [24] [25] [26] , as tetra-quark state and as charmonia core plus higher fock components due to coupling to meson meson continuum by [27] [28] [29] [30] [31] [32] [33] . Recently in PDG [34] X(3872) was renamed χ c1 (3872) considering it as a potential charmonium candidate and theoretically supported by [35] as pure charmonium candidate. Also CDF collaboration [36] explained X(3872) particle as a conventional charmonium state with J PC 1 ++ or 2 −+ . χ c1 (4140) previously known as X(4140) or Y (4140) discovered by CDF [37, 38] in 2008 near J/ψφ threshold, was later confirmed by D0 and CMS [39, 40] . The result of the state was negative in B decays at Belle [41, 42] , LHCb [43] and BABAR [44] . The CDF collaboration in 2011 observed X(4140) with statistical significance greater than 5 standard deviations and also found evidence for another state X(4274) now known as χ c1 (4274) with mass 4274.4 +8.4 −6.7 ± 1.9 MeV [38] . LHCb in 2017 confirmed χ c1 (4140) and χ c1 (4274) with masses 4146.5 ± 4.5 +4. 6 −2.8 and 4273.3 ± 8.3 +17.2 −3.6 MeV respectively. Both having J PC = 1 −− as reported by [34] . X(4140) has been studied by many theoretical studies as a molecular state, tetra-quark state or a hybrid state [45] [46] [47] [48] [49] [50] [51] [52] [53] . [54] has suggested X(4274) to be χ c1 3 3 P 1 state, [55] has studied χ c1 (4140) as an admixture of P wave states. X(3915) formerly χ c0 (3915) was observed by Belle collaboration [56] with mass 3915 ± 3 ± 2 MeV in photonphoton collision and experimental analysis [34] presented J PC = 2 ++ for the same. This let to its assignment as 2 3 P 0 by [57] and BABAR & SLAC [58] , and 2 3 P 2 by [59] . ψ(4230) previously known as X(4230) first observed at BE-SIII [60] in 2015 as one of the two resonant structure in e + e − → ω χ c0 with statistical significance more than 9σ . Having J PC = 1 −− this state shows properties different from a conventionalstate and can be a candidate for an exotic structure. ψ(4390) formerly known as X(4390) is the latest observed state at BESIII [61] in 2017 during the process e + e − → π + π − h c , at center-of-mass energies from 3.896 to 4.600 GeV having mass 4391.5 +6.3 −6.8 ± 1.0 MeV and J PC = 1 −− . This state can also show property different from conventional charmonium state and has sparse theoretical and practical knowledge. ψ(4660) previously known as Y(4660) discovered by Belle [62, 63] and confirmed by BaBar [64] and having negative parity. ψ(3770) resonance is a vector state first detected at SPEAR [65] in 1977, PDG [34] estimates its mass as 3773.13 ± 0.35 MeV. Godfrey [66] in 1985 assigned it as 1 3 D 1 state. ψ(4160) having J PC = 1 −− first experiment evidence given by [67] , recently observed by Belle [68] and LHCB [69] in 2013. PDG [34] estimates mass as 4191 ± 5 MeV. Y(4260) and Y(4360) which have been renamed in PDG [34] as ψ(4260) and ψ(4360) were first observed at BABAR [70] in 2005 and at Belle [62] in 2007 respectively. Both are vector states, yet unlike most conventional charmonium do not corresponds to enhancements in e + e − hadronic cross section nor decay to DD but decay as π + π − J/ψ and π + π − ψ(2S) respectively. Both these states can have properties different from conventional charmonia state, [71] has considered Y(4260) as a molecular structure. Recently these two states have been studied as S-D states admixtures in [55] as study of charmonium in relativistic Dirac formalism with linear confinement potential. The above mentioned states have been tabulated in Table1. Charmomium is most dense system in the entire heavy flavor spectroscopy having 37 experimentally discovered states. In phenomenology the charmonium mass spectrum is computed by many potential models like relativistic quark model [72] , screened potential model [73, 74] , constituent quark model [75] and some non-linear potential models [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] . Cornell potential is most commonly studied potential for heavy quarkonia system and has been supported by lattice QCD simulations as well [86, 87] . Detailed explanation about quark model hypothesis has been discussed in [88] . Quark model for studying heavy quarkonia has some common features when compared with QCD but it is not a complete QCD approach, hence most forms of QCD inspired potential would result in uncertainties in the computation of the spectroscopic properties particularly in the intermediate range. Different potential models may produce similar mass spectra matching with the experimentally determined masses but the decay properties mainly leptonic decays or radiative transitions are not in agreement with experimental values. Therefore, test for any model is to reproduce mass spectra along with decay properties. Here, we couple Cornell potential with non-relativistic effective field theory(pNRQCD) [89] . The small velocity of charm quark in cc bound state enables us to use non-relativistic effective field theory within QCD to study charmonia. There are three well defined scales in heavy quarkonia namely; hard scale, soft scale and ultarsoft scale and they also follow a well defined pecking order m Q ≫ mv ≫ mv 2 , with m ≫ Λ QCD , Λ QCD is a QCD scale parameter. NRQCD cannot distinguish soft and ultrasoft scales, which complicates power counting. pNRQCD [90, 91] solves this problem by integrating the energy scales above mv in NRQCD. The above statements have been discussed in detail in previous work [88] . Recently a study on Cornell Model calibration with NRQCD at N 3 LO has been done [92] . A spin dependent relativistic correction term (in the framework of pNRQCD [93] ) has been added with Coulomb plus confinement potential in the present work, and the Schrödinger equation has been solved numerically [94] . The theoretical framework has been discussed in Section 2, Various decays of S and P wave states has been discussed in Section 3, Charmoniumlike negative and positive parity states have been discussed in Section 4, Electromagnetic transition widths are in Section 5 and finally results, discussion and conclusion are presented in Sections 6 and 7.
Theoretical framework
Considering charmonium as non-relativistic system we use the following Hamiltonian to calculate its mass spectra. Same theoretical framework has been used by us for studding bottomonium in effective filed theory formalism [88] .
Here, M and µ represents the total and the reduced mass of the system. Three terms namely Coulombic term V v (r) (vector), a confinement term V s (scalar) and relativistic correction V p (r) in the framework of pNRQCD [88, [95] [96] [97] has been included in the interaction potential V pNRQCD (r). After fitting the spin average ground state mass(1S) with its experimental value, we fix the mass of charm quark and other 2007 potential parameters like ε, A, α s , σ , C and a, there values are given in Table 2 , With these parameters, χ 2 /d.o.f [98] is estimated to be 1.553. Using these fixed values we generate the entire mass spectrum of charmonium by solving the Schrödinger equation numerically [94] .
The parameter A represents potential strength analogous to spring tension. α s and α c are strong and effective running coupling constants respectively, m c is mass of charm quark, a and C are potential parameters. Spin-dependent part of the usual one gluon exchange potential has been considered to obtain mass difference between degenerate mesonic states,
Where the spin-spin interaction
and the spin-orbital interaction
with C f = 4 3 , and the tensor interaction
Here, the effect of relativistic corrections, the O (1/m) correction, the spin-spin, spin-orbit and tensor corrections O 1/m 2 are tested for charmonium. The computed masses of S, P, D and F states are tabulated in Tables 3 and 4 , along with latest experimental data and other theoretical approaches and is found to be in good agreement with them.
3 Decay Widths of S and P charmoium states using NRQCD approach Successful determination of decay widths along with the mass spectrum calculation is very important for believability of any potential model. Better insight into quark gluon dynamics can be provided by studding strong decays, radiative decays and leptonic decays of vector mesons. Determined radial wave functions and extracted model parameters are utilized to compute various decay widths. The short distance and long distance factors in NRQCD are calculated in terms of running coupling constant and non-relativistic wavefunction.
γγ decay width
The γγ decay widths of S-wave states have been calculated at NNLO in ν, at NLO in ν 2 , at O(α s ν 2 ) and at NLO in ν 4 . NRQCD factorization expression for the decay widths of quarkonia at NLO in ν 4 is given as [105] 
The matrix elements that contribute to the decay rates of the S wave states to γγ are given as, 
The matrix elements are expressed in terms of the regularized wave-function parameters [5] 
From equation 8, for calculations at leading orders in ν only the first term is considered, for calculation at leading orders at ν 2 the first two terms are considered, and for calculation at leading orders at ν 4 all the terms are considered. The co-efficients F, G&H are written as [5, 19, [106] [107] [108] [109] ]
Here, C F = 4/3, C A = 3, N H = 1, T R = 1/2, N L = 3 and µ = 0.5. For calculations at NNLO in ν, the entire equation 11 is used. For calculations at NLO in ν 2 only the first two terms in the square bracket of equation 11 is used, and
For NLO in ν 4 , in addition to first two terms in the square bracket of equation 11 and 4 3 α 2 , equation 13 is also used. But, for calculation at O(α s ν 2 ) the first two terms in square bracket of equation 11 and the entire equation 13 are only used. The calculated decay widths are tabulated in table5.
The decay widths for n 3 P J (J = 0, 2) states to NLO in ν 2 and NNLO in ν 2 have also been calculated. γγ decay width of n 3 P 0 and n 3 P 2 is expressed as,
Short distance coefficients F's, at NNLO in ν 2 are given by [106, 110] 
where n H = 1, C A = 3 and n L signifies the number of light quark flavors (n L = 3 for χ c ). The calculated decay widths are tabulated in table6.
e + e − decay width
The e + e − decay width of S-wave states have been calculated at NLO in ν, NNLO in ν, NLO in ν 2 , NLO in α s ν 4 and NLO in α 2 s ν 4 . NRQCD factorization expression for the decay widths of quarkonia at NNLO in ν 4 is written as,
From equation 17, for calculations at leading orders in ν only the first term is considered, for calculation at leading orders at ν 2 the first two terms are considered, and for calculation at leading orders at ν 4 all the terms are considered. The matrix elements that contribute to the decay rates of ψ → e + e − through the vacuum-saturation approximation gives [5] .
The matrix elements are expressed in terms of the regularized wave-function parameters [5] .
The coefficients F, G&H are written as [5, 19, 106, 106, 118] . 
Light hadron decay width
The Light hadron decay width through NLO and NNLO in ν 2 is calculated. The methodology for calculation is given Table 6 γγ decay widths of n 3 P J (J = 0, 2) (in keV) as [5, 105] .
The coefficients F&G for decay width calculation at NNLO at ν 2 are written as [5, 120] ,
Here, β 0 = 11 3 C A − 4 3 T F n f , T F = 1/2, n f = n L + n H signifies number of active flavour quark, n L = 3, n H = 1, C F =
For decay width calculation at NLO in ν 2 only the first two terms in the square bracket from equation 24 is considered and the entire equation 25 is considered. The results of the decay width is tabulated in table 8 3.4 γγγ decay width γγγ decay width of nJ/ψ states given in [5, 122] through NLO in ν 2 is also calculated and is represented by,
Here, α = e 2 /4π.
Mixed charmonium states
Experimentally, many hadronic states are observed but not all can be identified as pure mesonic states. Some of them have properties different from pure mesonic states and can be identified as admixture of nearby iso-parity states. The mass of admixture state (M NL ) is expressed in terms of two states (nl and n ′ l ′ ) discussed recently in [55] and also in [79, [124] [125] [126] and references therein.
Where,| a 2 | = cos 2 θ and θ is mixing angle. ψ(4230), ψ(4260), ψ(4360), ψ(4390) and ψ(4660) have been studied as S-D admixture states, their calculated masses(in GeV) and leptonic decay width is tabulated in Table 10 . χ c1 (4274) and χ c1 (4140) have been studied as admixture of nearby P-wave states calculated masses are tabulated in Table 11 . The calculated masses and decay width of admixture states is compared with other theoretical and available experimental results [55, 76, 126, 127] . Mixed P wave states can be expressed as,
Where, |α , |β are states having same parity. We can write the masses of these states in terms of the predicted masses of pure P wave states ( 3 P 1 and 1 P 1 ) as [76, 126, 127] ,
Electromagnetic transition widths
Electromagnetic transitions have been calculated in this article in the framework of pNRQCD and this study can help to understand the non-perturbative expect of QCD. For (E1) transition the selection rules are ∆L = ±1 and ∆S = 0 while for (M1) transition it is ∆L = 0 and ∆S = ±1. The obtained normalised reduced wave function and parameters used in current work are employed to electromagnetic transition width calculation. In nonrelativistic limit, the radiative E1 and M1 transition widths are given by [19, 102, 125, 130, 131 ]
where, mean charge content e Q of the QQ system, magnetic dipole moment µ and photon energy ω are given by
and
respectively. Also, the symmetric statistical factors are given by
The matrix element |M i f | for E1 and M1 transitions can be written as
The electromagnetic transition widths are listed in tables 12 & 13 and are also compared with experimental results as well as with other theoretical predictions. 
Results and Discussion
In order to understand the structure of 'XY' Charmoniumlike states, we first calculate complete charmonium mass spectrum by solving the Schrödinger equation numerically, spin dependent part of the conventional one gluon exchange potential is employed to obtain mass difference between degenerate mesonic states. Considering parity constraints, then the Charmoniumlike states are explained as admixtures of pure charmonium states. We compare our calculated mass spectrum(Cornell potential coupled with relativistic correction in the framework of pNRQCD) with experimentally determined masses and also with other theoretical approaches like relativistic model [100] , LQCD [103] , static potential [101] and non-relativistic model i.e considering only the Cornell potential [99, 102] . We also perform a comparative study of present mass spectra with our previous result [99] . The mass of charm quark and confining strength(A) is same in both the approaches except for the fact that in present approach in addition to confining strength(A) certain other parameters are also incorporated. Using calculated radial and orbital excited states masses, the Regge trajectories in (n r , M 2 ) and (J, M 2 ) planes are constructed, with the principal quantum number related to n r via relation n r = n − 1 and J is total angular momentum quantum number. Following equations are used J = αM 2 + α 0 and n r = β M 2 + β 0 , where α, β are the slopes and α 0 , β 0 are the intercepts. The (n r , M 2 ) and (J, M 2 ) Regge trajectories are plotted in Figures (1,2,3 &  4) , and slopes and intersepts are tabulated in tables (14,15 & 16) . Calculated charmonium masses fit well into the linear trajectories in both planes. The trajectories are almost parallel and equidistant and the daughter trajectories appear linear. The Regge trajectories can be helpful for the identification of higher excited state as member of charmonium family.
Mass spectra
The mass difference between the S wave states, 1 1 S 0 - states our calculated masses are only 30 MeV and 7 MeV greater than the experimentally observed masses, which is a considerably improved result as compared to [99] and other theoretical studies tabulated. For 1P states it can be seen that the calculate masses of 1 1 P 1 , 1 3 P 0 , 1 3 P 1 and 1 3 P 2 when Based on our calculation of mass spectrum we associate χ c0 (3915) or X(3915) as 2 3 P 0 state, both of them share same parity and there is no mass difference between our calculated and experimentally observed value. Also, we associate χ c1 (3872) [34] as 2 3 P 1 state because both of them share same parity and as shown in Fig.1 it lies on the curve which inspires us for this association and the mass difference between our calculated and experimental value is 78 MeV. For 2 3 P 2 state the mass difference between our calculated and experimental value is 75
MeV. There are no experimentally observed states for 5S, 6S, 3P and 4P hence we compare our results with theoretical results only and observe that our values are good consonance with the relativistic model [100] but suppressed when compared with Cornell potential approach [99, 102] . There is only one experimentally observed state in D and beyond i.e. 1 3 D 2 [104] and our calculated mass is less than experimental value by 22 MeV. We associate ψ(3770) as 1 3 D 1 state because both of them have same parity and the difference between our calculated and experimentally observed mass is 12 MeV which lies in the error bar. Also, we associate ψ(4160) as 2 3 D 1 state as both of them have same parity also the mass difference between our calculated and experimental value is only 05 MeV. In (n r , M 2 ) Regge trajectory both ψ(3770) and ψ(4160) lie on the curve and follow linearity and parallelism thus helping us to associate them with 1 3 D 1 and 2 3 D 1 charmonium states.
Decay Properties
Using the potential parameters and reduced normalized wave function we compute the various decay properties like γγ, e + e − , light hadron and γγγ decay widths of various states of charmonium, also the E1 & M1 transition widths have been calculated in present study. The 1 S 0 → γγ decay width within the framework of NRQCD has been calculated by four different approaches, i.e. at NNLO in ν, at NLO in ν 2 , at O(α s ν 2 ) and at NLO in ν 4 . The calculated results are tabulated in table 5 and is compared with experimentally observed decay widths [34] , relativistic quark model (RQM) [111] , heavy quark spin symmetry [112] , relativistic Salpeter model [113] and the decay widths calculated by conventional Van Royen-Weisskopf formula [99, 102] . The values of the decay widths calculated at NLO in ν 4 is more convincing then the decay width obtained by the rest three approaches and is nearby the experimental results as well.
In addition the nχ 0,2 → γγ decay width by NRQCD mechanism is also calculated at NLO in ν 2 and at NNLO in ν 2 , the obtained results are tabulated in in Table 17 is consistent with experimental data. Very less is known about ψ(4390) both theoretically and experimentally, we in present work try to study it as admixture of 3 3 S 1 and 3 3 D 1 , our calculated mass differs from experi- mental mass by 60 MeV. Experimental leptonic decay width has not been observed but we calculate it to be 2.11 eV. Due to lack of experimental evidence and scarce theoretical study we are reluctant to mention it as an admixture state and hope that experiments in future can throw more light on this state. ψ(4660) has been studied as a molecular state and also as admixture state by [55] . Having J P as 1 − we associate it as admixture state of 4 3 S 1 and 4 3 D 1 having 43% contribution of 4 3 S 1 . Our calculate mass is in perfect agreement with PDG mass, we have also calculated its leptonic decay width, which is approximately 3 eV less than than decay width observed by Belle [63] . Based on our study we claim it to be an admixture of 4 3 S 1 and 4 3 D 1 pure charmonium states.
A detailed description of χ c1 (4140) and χ c1 (4274) both having J P as 1 + has been discussed in introduction, they have been predicted as tetra-quark state or a hybrid state by some theorist, and χ c1 (4140) has been predicted as a pure 3 3 P 0 state by [55] . Based on our calculation we suggest χ c1 (4140) as 3 3 P 1 and 2 1 P 1 admixture. And we suggest χ c1 (4274) as 3 3 P 1 and 3 1 P 1 admixture. Our calculated mass is in agreement with experimental mass.
Conclusion
After looking at over all mass spectrum and various decay properties we comment that the potential employed here i.e. Cornell potential when coupled with relativistic correction in the framework of pNRQCD is successful in determining mass spectra and decay properties of charmonium. Thus helping us to support our choice of the potential in explaining quark anti-quark interaction in charmonium. Also, some experimental Charmoniumlike states as an admixture of nearby isoparity states have been explained. The constructed Regge trajectories are helpful for the association of some higher excited states to the family of Charmonium. But from our study we comment that more precise experimental studies is required to associate Charmoniumlike states as pure charmonium or as an exotic, molecular or some other states. 3 S 1 |Q 1 1 ( 3 S 1 )| 3 S 1 are the matrix elements for the decay of n 3 S 1 states into e + e − . 7. In Equations 10 & 19 the matrix elements are expressed in terms of independent non-perturbative regularized and renormalized wave functions at origin. |R P (0)| 2 and |R V (0)| 2 are the square of the pseudoscalar and vector states wave function. 8. We have computed ∇ 2 R term as per [133] 
The binding energy, x = M − (2m Q ); M is mass of respective mesoni state and Q being charge of the charm quark, C F = 4 3 and α = 1 137 .
